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1 Preliminaries and motivation

This paper is focused on fuzzy—probabilistic IF-THEN rules based systems, where the an-
tecedents encode fuzzy information and consequents represent probability distributions of the
output variable. This system, which combines both types of uncertainty in one framework,
can be applied effectively in time series analysis and forecasting. Let U be a universe, let
A ={A,..., A,} be a fuzzy covering of U, i.e., for every z € U, at least one Ay(z) > 0, and
Y denote a random variable defined in a probability space (€2, A, P). Then, the rules take the
form (see, [1]):

Ry : IF X is Ay THEN Y ~ Q«(p), k=1,...,m, (1)

where Qr(p) denotes the quantile function of the conditional distribution of Y given Ay. It is
worth noting that, in practice, uniform or generalized fuzzy partitions are typically constructed
by shifting equidistant fuzzy sets along the domain axis. The quantile functions in the antecen-
dents of rules in (1) are estimated from data as follows. Assume a dataset {(x;, y;)}-; C UxR
and let A denote a fuzzy covering of U. For any p € [0,1], the quantile function Qx(p) is
defined as the p—weighted quantile of the pairs (y1, Ar(71)), .., (Yn, A(z)). In particular, the
p-weighted quantile is the value z, € R that minimizes the functional
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The inference mechanism, which estimates the quantile function @, (p) for any x € U, is defined
as the weighted average of quantiles Q(p):
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Note that this is not the only way to define the inference mechanism for (1); several alternatives
can be found in [2].

The effectiveness of fuzzy—probabilistic inference systems (FPIS) has been demonstrated in
various applications, for example, in time series analysis [2]. However, several aspects of such
systems remain open and challenging, particularly the construction of an appropriate fuzzy
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partition. In practice, uniform fuzzy partitions are commonly used because of their simplicity,
yet they fail to capture the complex structures hidden in the data. This raises a key question:
can we construct a data-driven fuzzy partition that better reflects local behavior under a well-
defined criterion? This short paper introduces three methods based on different criteria for
designing non-uniform, data-dependent fuzzy partitions, presented in algorithmic form. A
detailed theoretical analysis of these methods is left for future work.

2 Data-driven fuzzy partitions

Criterion 1: Limited range size for data values. Assume, for simplicity, that the dataset
is given by {(x;,v:)}~, € U x R, where x; = i. Let ¢ > 0 be a predefined threshold. For a
finite vector y = (y1, ..., yx), recall that its range is defined as

R(g) = max{ylv cee Jyk} - min{y17 cee ;yk}

We construct consecutive subvectors ¢, . .., ¥n, where each ¥x = (Yg, - . ., Yk+m, ) is determined
such that

R(yx) <e and R(y;) > e, (4)
where 77 = (Yr, .-, Yrrmy+1). Bach vector g is associated with an interval I}, = [k, k + my],

which serves as the support of the fuzzy set A, in the resulting fuzzy partition. The node of
Ay is placed at the midpoint of I;,. Since not all constructed intervals are useful for the final
partition, we propose three selection strategies to determine the next interval Iy, , given the
previously selected ¢ intervals Iy, ..., I,. The next index k¢4 is chosen based on g, as follows:

(i) Extrema-based: choose the smaller of the indices corresponding to the minimum and
maximum elements of ¥y, ;

(i) Median-based: choose the index corresponding to the (classical) median of g, ensuring
that consecutive supports do not overlap in median values;

(iii) Weighted median-based: choose the index corresponding to the weighted median of gj,,
where the weights are induced by the membership degrees Ay, (i) for i =k, ..., ki +my,.

Note that the threshold ¢ must be appropriately adjusted to obtain a reasonable number of
fuzzy sets in the resulting fuzzy partition. Obviously, a smaller value of ¢ results in a higher
number of fuzzy sets, and vice versa.

Example 1 Consider synthetic data y; = g(i) with
xlog(x + 50)
200

Let € = 1.7. Figure 1 illustrates the supports obtained from the three starting-index methods
and the corresponding moving median computed via Lj-based minimization [2]. The moving
median exhibits favorable behavior, aligning well with the observed data pattern.

g(x) = In(x + 20) + cos(x/90) + %sin( ) +v(z), v(z) ~ N(0,0.2?).

Criterion 2: Limited variance of data values. This criterion is a modification of the
previous one, in which the range is replaced by the variance. Specifically, condition (4) is
replaced by

Var(gr) <e and Var(g)) > ¢, (5)

where the variance of the vector components is computed in the standard way. All remain-
ing steps, including the selection strategies, are identical to those described earlier. Figure 2
illustrates the result for Example 1 with € = 0.3 and the weighted-median-based strategy.



PROCEEDINGS PAPERS 39

100 200 300 400 500 600 700 100 200 300 400 500 600 700

(a) Extrema-based strategy (b) Median-based strategy

100 200 300 400 500 600 700 100 200 300 400 500 600 700
(c) Weighted median-based strategy (d) Moving median based on the third strategy

Figure 1: Resulting fuzzy set supports based on Criterion 1 and the moving median.

Criterion 3: Relative error of variances of local linear regression residuals. The
third strategy evaluates variance stability by analyzing the residuals of linear regressions across
intervals and their subintervals. The domain is partitioned by recursive bisection whenever
significant relative changes in variance are detected.

Let I denote an interval (e.g., I = [1,n]) and let o; denote the standard deviation of the
residuals for the linear regression model over the interval I. We define the relative error of
residual variances over the interval I (with o; > 0) and its subinterval J as
or —0yJ

Ry = (6)

g1
Denote by Z; the mean, by V; = o;/%; the coefficient of variation, and by n; the number of
integers in I. Let Ryin, Vi, and ng;, be the minimum thresholds for the relative error, the
coefficient of variation, and the interval size, respectively.

The partition procedure recursively divides each interval into two half-subintervals according
to the following rule. Assume that an interval I has been divided by the partition procedure
into two half-subintervals. Let /2 denote the left (or right) subinterval whose right (or left)
endpoint coincides with the midpoint of I, where the endpoints are appropriately rounded to
consecutive integers. The subinterval /2 is further divided into its two half-subintervals if
Nr/2 > Nin and either of the following conditions holds:

Rrrj2 > Ruin or Vijg > V. (7)
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When /2 is further subdivided and the bisection procedure is invoked with new parameters,
the linear regression is recomputed on the same dataset. Hence, o; can be passed as a pa-
rameter to replace o; in the next step. After finitely many steps, we obtain a disjoint family
of subintervals {/;} of I = [1,n|. To construct overlapping supports for the fuzzy partition,
each [; is extended by redefining its endpoints as the indices of the medians of values in the
adjacent intervals I;_; and ;41 (cf. Median-based selection strategy). Figure 3 illustrates this
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(b) Moving median based on the third strategy

Figure 2: Resulting fuzzy set supports based on Criterion 2 and the moving median.

procedure on data from Example 1, with red bold dots indicating medians within intervals.
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(b) Moving median based on the received supports

Figure 3: Resulting fuzzy set supports based on Criterion 3 and the moving median.
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