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1 Outline of the studied problem

This work concerns the inference mechanism of fuzzy—probabilistic inference systems (FPIS),
a special class of rule-based models in which antecedents encode fuzzy information while con-
sequents represent conditional probability distributions of the output random variable. Such
systems are particularly well suited for modeling uncertainty in time series responses. Specifi-
cally, we study a system of m rules taking the form (k= 1,...,m) [2]:

Ry :=1F X is Ay THEN Y follows the probability distribution given by Qx(q), (1)

where each consequent Qx(q), for ¢ € [0,1], is an empirical quantile function representing the
underlying probability measure (distribution) of the output random variable Y conditioned on
the fuzzy set A; defined on a given universe X. We assume familiarity with basic probabilistic
notions such as probability measures, cumulative distribution functions, and quantile functions.

In our work, fuzzy sets Ay used in the antecedents form a family A that covers the universe
X, ie., for every x € X there exists an Ay, € A with Ag(z) > 0. Recall that the fuzzy
sets Ay, ..., A,, € A are defined on the nodes ¢y, . .., ¢, respectively, where each A; attains its
maximum. In practice, we often consider families of fuzzy sets that form a simple or generalized
uniform fuzzy partition, see Fig. 1.
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Figure 1: Examples of uniform fuzzy partitions: (a) simple, (b) generalized.
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Given a dataset {(z;, y;)}-; € X xR and a generalized partition A, the g-weighted quantile
Qk(q) associated with Ay € A is obtained as the minimizer of (cf. [1]):

B2) = D pali = ) An(a), ) = {q’“" vy )

(1=q)|ul, u<O0.

The inference mechanism that produces an empirical quantile function for an arbitrary input
x € X is defined as a linear combination of the local quantile functions Qx(q).

Definition 1 [1, 2/ Let {(x;,y;)}~; € X X R be given, together with a fuzzy partition A =
{Ay,...,An} of X. For each k, let Qi be the weighted quantile function associated with Ay, via
the k-th rule in (1). Then, for any x € X, the quantile function Q, : [0,1] — R is defined as

Qu(g) = Y wi(2)Qu(a), (3)

where wy(v) = Ag(x)/ 7L, Aj(x), k=1,...,m, denotes the normalized weight.

2 Inference mechanisms: theoretical foundation

Fuzzy rule-based systems express the relationship between two variables in a rough manner,
while the inference mechanism provides a means to refine this rough relationship into a complete
relationship, which can be used in practice. In [7], we experimentally analyzed and compared
the standard weighted average of quantile functions as the inference mechanism for FPIS and
other alternatives on synthetic and real datasets. This work left open a deeper theoretical
analysis, particularly regarding the motivation and justification of the inference mechanisms
used, including the original weighted average - all of which were introduced in a largely ad
hoc manner. This knowledge gap motivates us to a deeper investigation of the foundation
of the inference mechanism for FPIS, in which one part of the IF-THEN rules follows a fuzzy
framework, while the other adopts a probabilistic one. For this purpose, we use the Wasserstein
metric space (P,(R), W,) of the order p > 0 on R (see, [4]), where

P,(R) = {,u is a probability measure on (R, B(R)) : / |z|P du(z) < oo}
R

and W), is the p-Wasserstein distance given for any probability distribution p and v as follows

mell(p,v)

1/p
pr,u):( we [ rx—yipdm,y)) |
RxR

where I1(1, ) denotes the set of all couplings of i and v, i.e. the set of all probability measures
on R x R with marginals g and v. Note that a probability measure p on R is defined on
the Borel algebra on R and can be equivalently expressed by the respective probability mass
function f,, camulative distribution function F), or quantile function @),. For example, we have
F(z) = p((—o00,2)) and Q,(¢) = F~'(q) = inf{z € R: F(x) > ¢}. The p-Wasserstein distance
for probability measures on R can be simply expressed in terms of quantile functions as follows

1 1/p
AT ( / 1Qula) - Qula)? dq> Q= @l
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In what follows, we show that the inference mechanism for FPIS, originally defined ad hoc as
the weighted average of quantile functions, can be rigorously formulated using the 2-Wasserstein
distance. Specifically, it corresponds to the Wasserstein barycenter, also known as the Fréchet
mean. This observation allows us to introduce a broader class of inference mechanisms based
on p-Wasserstein distances. For convenience, we assume a generalized fuzzy partition A =
{A1,..., Ay} of X, and define wy(v) = Ag(x)/ 7L, Aj(x) for any k=1,...,m and = € X.

Inference mechanism as the Wasserstein barycenter in P,(R)

Let fi1, ..., fm € P2(R) with weights w; > 0 such that > w; = 1. The Wasserstein barycenter
(or Fréchet mean) of ui, ..., p, is a probability measure v € Py(R) given as

It is well known that the Wasserstein barycenter of probability measures on R always exists
and admits a closed-form expression in terms of quantile functions:

Qy(0) = > i@y 0), @

where @), denotes the quantile function of y;. Thus, the inference rule (3) coincides with
the Wasserstein barycenter of empirical probability measures, which motivates the following
equivalent formulation of the inference mechanism.

Definition 2 (Inference mechanism as the Fréchet mean) Let {(z;,v;)}"; € X xR be
given data, and let A be a generalized fuzzy partition. We define f*: X — Wh(R) as

['(z) =arg min > wi(z) W3 (7, ), (5)
k=1

where (ug)p, are the probability measures with the empirical quantile functions (Qx)i, asso-
ciated with the fuzzy sets (Ar)jL,.

By the uniqueness of the Wasserstein barycenter in Po(R), f*(z) is well-defined, and its
quantile function is given by (4). Assume that X is a metric space denoted as (X,d). The
following proposition shows a local convergence property of f* at nodes ¢, of fuzzy sets Ay € A.

Proposition 3 Let (X, d) be a metric space, and let A = {Ay,..., Ay} be a generalized fuzzy
partition such that each Ap € A, k = 1,...,m, is K-Lipschitz continuous. Assume that the
quantile function Qr € L2(0,1) associated with A, € A satisfies ||Qgllr,01) < B for any
k=1,...,m. Moreover, assume that S(z) = > ", Ax(z) > So > 0 for every x € X. Then for
any ¢, and x € X, we have

2mBK
So

Wa(f* (), f*(cr)) < d(x,cp).
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Inference mechanism as the Wasserstein barycenter in P,(R)

The observation in the previous paragraph suggests a natural generalization of the inference
mechanism in which the case p = 2 is extended to an arbitrary p. Particularly, the function
[y X = W,(R) is defined as the Wasserstein barycenter of iy, ..., pip, in Py(R) for which

fy(xz) € arg min wy () WP, pe)- (6)

Unlike the case p = 2, the Wasserstein barycenter is generally not unique for arbitrary p. To de-
fine f;(z) properly, one must select a specific solution. For example, for p =1 (the Wasserstein
barycenter coincides with the Fréchet median [5]), a minimizing probability measure v, = f; ()
has a quantile function

@;.(0) € amip 3 (o) - Qula)

where the set of minimizers for each ¢ may form a closed interval. To guarantee the uniqueness
of ff, we select the left boundary (a canonical choice) of the closed interval of minimizers.

Definition 4 (Inference mechanism as the Fréchet median) Let {(z;,y:)}"; € X xR
be given data, and let A be a generalized fuzzy partition. We define the function Q* : X x[0, 1] —
R as follows

@ (w.0) = min{argmin 3 un(x) |2 ~ Qulo)]

where (Qr)i, denote the empirical quantile functions associated with the fuzzy sets (Ak)iL,.
The function ff: X — Wi(R) is defined by fi(x) = v, which quantile function is Q*(x,—).

The general definition of the inference mechanism for FPIS via the Wasserstein barycenter
in P,(R) provides a theoretical framework for further investigation of its properties, such as
the local approximation property formulated in Lemma 3. Moreover, applying these theoretical
results to practical implementations of the inference mechanism is an important direction for
future research.
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