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1 Introduction and motivation

Fuzzy–probabilistic IF–THEN rule based systems form a class of knowledge-based systems
where the antecedents encode fuzzy information and the consequents model probabilistic un-
certainty present in the data. By integrating fuzzy set theory with probability theory, these
systems offer a unified framework for managing both types of uncertainty and have been ex-
tensively investigated in the context of rule construction and inference design (see, e.g., [1, 2]).

In this work, we use a specific form of the IF-THEN rules and the inference mechanism,
which coincide with the so-called quantile fuzzy transform (or L1-fuzzy transform) that has
been introduced and extensively investigated in [3, 4]. Particularly, given a suitable fuzzy
partition ∆ = {A1, . . . , Am} of a universe U and a random variable Y defined in a probability
space (Ω,A, P ), the system takes the following formal form:

Rk : IF X is Ak THEN Y ∼ Qk(p), k = 1 . . . ,m, (1)

where Qk(p) denotes the quantile function of the conditional distribution of Y given Ak. A
crucial step in constructing the IF-THEN rules is the estimation Qk(p) from data. In [3],
the quantile functions are derived from data using p-weighted quantiles, which are traditionally
computed by the linear programming. In our recent work [5], we introduced an alternative and
computationally efficient method for evaluating weighted quantiles derived from the analyzes
of the right derivative of the corresponding convex objective function (see (2)). Nevertheless,
prior research indicates that, despite their computational efficiency, classical weighted quantiles
may be inadequate for accurately estimating the local positions of the output quantiles over
the fuzzy inputs.

To address the limitation of the scalar weighted quantiles, we proposed to replace them by
quantile piecewise linear functions [6], which better fit the output quantiles. This short paper
presents a modification of the original method to enhance its applicability to forecasting tasks
and includes also a comparison with the scalar weighted quantile approach.

2 Outline of the studied approach

Let us consider the fuzzy-probabilistic IF–THEN rules given in (1). The fuzzy sets Ak in the
antecedents form a fuzzy partition ∆ on U with nodes c1, . . . , cm in which each Ak attains its
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maximum. The fuzzy partition covers U, i.e., for any x ∈ U, there exists k = 1, . . . ,m with
Ak(x) > 0. Uniform or generalized fuzzy partitions are usually employed.

The empirical quantile functions Qk(p) in the consequents are estimated from data and
represent the conditional distribution of Y given Ak. Particularly, let {(xi, yi)}ni=1 ⊆ U× R be
data, and let ∆ be a fuzzy partition. For each Ak and p ∈ [0, 1], the p-weighted quantile Qk(p)
is a real number z such that minimizes the following functional

Φk
p(z) =

n∑

i=1

ρp(yi − z)Ak(xi), ρp(u) =

{
p|u|, u > 0,

(1− p)|u|, u ≤ 0.
(2)

Observe that Ak(xi) serves as a weight for yi; the closer xk is to ck, the higher the resulting
degree. The vector [Q1(p), . . . , Qm(p)] is known as the direct Quantile Fuzzy transform [3, 4].
Note that the weighted quantiles Qk(p) can be computed via linear programming [3] or the
direct derivative-based method [5, 6]. The inference mechanism, which estimates the quantile
function Qx for any x ∈ U, is defined as a weighted combination of quantiles Qk (known as the
inverse QF-transform):

Qx(p) =

∑m
k=1Ak(x)Qk(p)∑m

k=1Ak(x)
. (3)

In the following part, we generalize the scalar p-weighted quantiles to the piecewise linear
p-weighted quantile functions associated with a centering initial point (ck, zp) ∈ U × R and
extend the system introduced in (1). In practice, the centering initial point (ck, zp) corresponds
to the k-th node in U and the p-weighted quantile zp = Qk(p) is determined by Ak ∈ ∆.

Let p ∈ [0, 1], Ak ∈ ∆, and fix (ck, zp) ∈ U × R. For any real numbers a1, a2, define the
piecewise linear function

Qk,(a1,a2)(p, x) =

{
a1(x− ck) + zp, x ≤ ck,

a2(x− ck) + zp, x ≥ ck.
(4)

Define the objective functional

Φk
p(a1, a2) =

n∑

i=1

ρp(yi −Qk,(a1,a2)(p, xi))Ak(xi). (5)

Then the piecewise linear p-weighted function quantile associated with (ck, zp) is Qk,(â1,â2)(p, ·) :
U → R, where (â1, â2) is any minimizer of Φk

p over all (a1, a2) ∈ R2. Similarly to the scalar
case, the piecewise linear p-weighted quantile is not uniquely defined. The following lemma
guarantees that such a quantile always exists.

Lemma 1 For each Ak ∈ ∆ and each centering initial point (ck, zp) ∈ U×R, there exist a pair
(â1, â2) minimizing Φk

p over all (a1, a2) ∈ R2.

Observe that we put if zp = Qk(p), then Qk(p) = Qk,(â1,â2)(p, ck). Hence,

Qk,(â1,â2)(p,ck) ≤ Qk,(â1,â2)(p
′, ck), whenever p ≤ p′.

Obviously, the same property is not true for an arbitrary x ∈ U, i.e., Qk(·, x) = Qk,(â1,â2)(·, x)
is not a quantile function from its definition in general. To ensure that Qk(·, x) is a quantile
function for any x ∈ U, we can proceed the following correction procedure:

Q∗k(p, x) = sup{Qk(q, x) | q ≤ p}, p ∈ [0, 1].
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Note that similarly, we can use the infimum or a mixture of both procedures with an initial p0.
In addition, we consider only a finite number of p-levels, therefore, the computation of Q∗k(p, x)
is fast in practice. Now, the IF-THEN rules specified in (1) can be extended as follows:

Rk : IF X is Ak THEN Y (x) ∼ Q∗k(p, x), k = 1, . . . ,m, (6)

where Q∗k(p, x) expresses (locally) the conditional quantile function given Ak at the point x ∈ U.
The inference mechanism for this new type of rule based system is given for each x ∈ U as
follows

Qx(p) =

∑m
k=1Ak(x)Q∗k(p, x)∑m

k=1Ak(x)
. (7)

3 Application in time series analysis and forecasting

In this section, we illustrate the application of piecewise linear weighted quantiles within a
fuzzy–probabilistic inference system (FPIS) using a synthetic time series of n = 721 observations
(xi, yi), generated by

yi = g(xi) + ε(xi), g(x) = 1
2

sin
(
x
7

)
+ cos

(
x
90

)
+ ln(x+ 1),

where ε(x) ∼ N (0, σ(x)), σ(x) = 0.4 + 1
6

sin
(
πx
240

)
. We employ a uniform fuzzy partition

∆ = {A1, . . . , A81} with an offset of 2 (the support of each fuzzy set is twice the shift length).
In Fig. 1, panel (a) displays the conditional quantile functions Q∗k(p, x) given A53 for fixed
p ∈ {0.05, 0.75}, while panel (b) compares the resulting quantile functions of the rule systems
(1) (shown in green) and (6) (shown in violet) along U for the fixed value p = 0.05. From a
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Figure 1: Illustration of piecewise linear and scalar weighted quantile based FPIS

visual comparison, one can observe that the application of piecewise linear weighted quantile
functions yields more accurate estimations of the p-quantile functions along the universe U.
This observation is further supported by the Bhattacharyya distance between the theoretical
and estimated (normally distributed) density functions, see Fig. 2.

Without going into details, the extended FPIS can be used to forecast probability distribu-
tions. To illustrate this, we employ a simple autoregressive model. First, we consider U = [0, T ]
and extend the fuzzy partition ∆ to ∆+ by adding fuzzy sets Am+1, . . . , Am+v. Then, using the
AR(`) model, we estimate the parameters of the piecewise linear weighted quantile functions
(a1,m+i, a2,m+i, ym+i) for i = 1, . . . , v, and apply the inference mechanism given in (7) to obtain
the quantile functions for future time points.

In Fig. 3(a), the forecasted p-quantiles for 45 future time points are shown, while Fig. 3(b)
displays the ARMA models computed and trained on scalar quantiles in Mathematica. The
forecast based on the FPIS outperforms almost a linear forecast provided by ARMA modeling.
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Figure 2: Bhattacharyya distance between the theoretical normal density function and its
estimates obtained using the piecewise linear (violet) and scalar (green) weighted quantiles.
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Figure 3: Forecasting for p ∈ {0.05, 0.5, 0.95}: (a) piecewise linear quantiles; (b) ARMA.
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