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Abstract

This paper lays the groundwork for defining division and multiplication on fuzzy in-
tervals under complete correlation. We introduce joint possibility distributions to model
dependencies between fuzzy variables with complete correlation expressed via a linear
relation. We then examine its impact on interval operations and the inverse property.
Our results show that fuzzy arithmetic requires more nuanced approaches than simple
point-wise interval analogies.

1 Preliminaries

We begin by introducing fuzzy intervals (or fuzzy numbers) and their a-cuts, which generalize
real intervals and are essential for later definitions. A fuzzy set A on R is called a fuzzy interval
if it is normal, fuzzy convex, upper semi-continuous, and has bounded support [1]. Its a-cuts
are defined as [A], = {x € R | A(z) > a} for @ € (0,1], and each is a closed interval [a, a}].
The set of all fuzzy numbers is denoted by Rx. A fuzzy interval is symmetric about x € R if
A(x —y) = A(z +y) for all y; otherwise, it is non-symmetric. Next, we introduce complete

correlation via joint possibility distributions and the sup-J extension principle, following [2; 3].

Definition 1 An n-dimensional possibility distribution on R" is a fuzzy subset J with
a membership function J: R™ — [0, 1] satisfying J(xo) = 1 for some xy € R™.

The family of n-dimensional possibility distributions will be denoted F(R™).

Definition 2 Let Ay,..., A, € Rx be fuzzy intervals, then J € F(R™) is called a joint pos-
sibility distribution if for each i = 1,...,n, the following condition holds:

\/ J(xl,...,xn) :Al(l’z), VI'Z € R.

z; €ER,jF#i

Fach A; is called the i-th marginal possibility distribution of J.
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Definition 3 Fuzzy intervals A, B are said to be completely correlated if there exist q,r €
R, g # 0 such that their joint possibility distribution J. is given by

Jc(*ru y) = A(I>X{qm+r:y} (.I, y) = B(y>X{qx+T:y} (LL’, y)? (1)

where X{qzi+r—yy stands for the characteristic function of the line {(x,y) € R | gz +r =y} and
[Al, = [a;,a], [Bla = q[A]la + 7, a € [0, 1].

o) o

Remark 4 Fuzzy intervals A and B are said to be completely positively (negatively) corre-
lated if q is positive (negative).

Remark 5 Symmetric fuzzy intervals can be both positively and negatively correlated at the
same time.

Definition 6 Let f: R? — R be a continuous function and let J € F(R?) be a joint possibility
distribution of A, B € Rx. The sup-J extension of f to a fuzzy function f;: F(R?) — F(R)
is defined by

ABW) =\ Iy

y:f(w,y)

Theorem 7 Let f: R? — R be a continuous function and let J € F(R?) be a joint possibility
distribution of A,B € Rg. Then [f;(A,B)la = f([J]a), Yo € [0,1]. If f;(A,B) is a fuzzy

number, then

[fJ]Oé: /\ f(x7y>’ \/ f(x,y)

(:v,y)G[J]a (:E,y)G[J]a

2 Relation between Division and Multiplication of Com-
pletely Correlated Intervals

In this section, we define the operations division and multiplication of two real intervals which
are connected by the complete correlation given by Definition 3. Recall that real intervals
can be interpreted as special cases of a-cuts of fuzzy intervals. In addition, we present the
invertibility property between these two operations.

Definition 8 [}/ Let A = [a~,a™], B = [b=,b"], 0 ¢ A, be real compact intervals and let
J. € F(R?) be the complete correlation relation of A, B defined by (1). The J.-division is the
real interval B +;, A defined by

g+ =g+ 5], r<o,
B+ A= (2)
g+ 5 g+ =], r>0.

Definition 9 Let A = [a~,a"], B = [b=,b"| be real intervals, and let J, € F(R?) be the
complete correlation relation of A, B defined by (1). The J.-multiplication of A, B is the real
interval A ®y, B defined by

A®j B =[minS maxS]" where S={a (qa~ +7),a"(qgat + 1)}, (3)

and * defines the following exceptions:
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1.A>0,B>0,qg <0 withr € (—ga™,—2qa*) or A < 0,B < 0, ¢ < 0 with r €
(—2q

a”,—qa"):
A®j; B= |minS, \/a(aq—l—T)
acA
2.A<0,B>0,qg>0withr € (—ga=,—2qa~) or A > 0,0 € B, ¢ > 0 with r €
[—qa*, —2qa”)
A®, B= /\a(aq—i—r), max S| .
acA

3. Analogous exceptions for cases A > 0,0 € B or A <0,0 € B.

Remark 10 Based on Remark 5, real intervals are positively and megatively correlated with
respect to the parameter q. Therefore, the results of division or multiplication of such correlated
intervals differ according to the particular correlation and parameter q.

Example 11 Consider the intervals A = [3,6] and B = [6,15].

1. A, B are positively correlated with ¢ = 3, r = —3.
Then B +;, A= [2,2] and A®,, B = [18,90].
2. A, B are negatively correlated with ¢ = —3, r = 24.
Then B +;, A=[1,5] and A®,, B = [36, \/,csa(—3a+24)].
Proposition 12 For the following combinations:

1. ¢g>0and A>0,B>00r A<0,B <0,
2.q<0and A>0,B<00orA<0,B>0,

the bounds of J.-multiplication coincide with the standard interval multiplication.

Theorem 13 Let A = [a—,a™|, B = [b~,b"] be real intervals, and let J. € F(R?) be the
complete correlation relation of A, B defined by (1). Let C' = [c™,c"] be the real interval such
that C = B +;, A is given by (2). Then there exists Jo € F(R?) of A,C given by (1) with
parameters ¢' and ' such that the following holds

C=B+;,,A=B=A0,;,C.
Proof Assume A = [a™,a™], B =qA+r = [min{ga™ +r,qa™ +r}, max{qa™ +r,qa™ +r}], and
C = B+, A. By the definition of J-division, C' = [min{g + =, ¢ + =}, max{g + =, ¢+ = }].

Based on the structures of A, B and C', we can always define a complete correlation J. between
A and C such that A®; C = B. [ |

Theorem 14 Let A = [a~,a™], B = [b=,b"] be real intervals, and let J, € F(R?) be the
complete correlation relation of A, B defined by (1). Let C' = [c™,c"] be the real interval such
that C = B +; A is given by (2). Then there exists Jo € F(R?) of A,C or B,C~1 given by
(1) with parameters ¢’ and 1" such that the following equivalence holds

(i) B=A0o,;, C,
(i) A=Bo,, C7', where C'=[L L]

ct? e~

C=B+; A < (4)
Proof The complete proof is extensive, but we focus here on the principal concepts employed to
demonstrate this theorem. In the forward direction, we rely on the proof of Theorem 13 and the
concept of g-division, which is reversible using standard interval multiplication. Conversely, we
apply Proposition 12 along with the notion that one of the multiplications in (4) consistently
results in the precise boundaries specified by (3). [
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2.1 Extension to Fuzzy Intervals

In this subsection, we present a remark that links the J.-arithmetic of real intervals with fuzzy
intervals and briefly formalize this extension.

Remark 15 The invertibility result for intervals does not generally extend to fuzzy intervals.
Let A, B € Ry with a-cuts [Al, = [a;,a}] and [Bls = q[Ala + 7 be fuzzy intervals under the

completely correlated joint possibility distribution J. as defined in (1). Applying the invertibility
theorem levelwise for each o € [0, 1],

[Cla =[B+s Ala, [Bla=1[40sCla, [Ala=[B0s C ',

may yield intervals {[C].} that violate fuzzy interval properties, such as convexity and mono-
tonicity of endpoints.

3 Conclusion

In this contribution, we present J.-division and J.-multiplication for real intervals. These oper-
ations are defined by the particular joint possibility distribution J,. called complete correlation.
Moreover, we investigate the inverse property between the defined operations. Although the
structure of J.-arithmetic for intervals is elegant and invertible, its naive extension to fuzzy
numbers through a-cuts introduces inconsistencies. These findings indicate that the theory
of interactive fuzzy arithmetic demands more refined constructions beyond point-wise interval
analogies.
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